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We discuss  the use of the 1KN-7 analog computer  to solve the differential heat-conduction 
equation for  a hollow cylinder  in the case of boundary conditions of the second and third 
kinds, with uniform initial t empera tu re  distribution. 

The solutions in the l i te ra ture  [1-6] for the problems of nonsteady heat conduction for a hollow cyl-  
inder encompass  the s implest  eases,  or  those which have little pract ical  significance. Computer techniques 
permit  us to find solutions for the most  complex of physical problems [7-9]. 

In [10] we find a scheme and method for the solution of the problems of nonsteady heat conduction for 
a hollow cylinder under boundary conditions of f i rs t  kind on an MN-7 analog computer.  

Below we discuss  the solutions for the problems of nonsteady heat conduction for  a hollow cylinder in 
the ease of boundary conditions of the second and third kinds, as derived by means of the MN-7 analog eom-  
purer. 

An unbounded hollow cylinder,  at the initial instant of t ime, exhibits a uniform tempera ture  (to) through 
the c ross  section. Let us examine two eases of the solution of the differential  heat-conduction equation for 
a cylinder with ins ide- to-outs ide  radius ra t ios  of 0.3, 0.5, and 0.7, at a constant t empera tu re  for  the ambient 
medium: 1) between the medium and the two surfaces  of the cylinder there is t ransfer  of heat in accordance 
with the law of convection; 2) between the medium and the outside surface of the cylinder there is t r ans fe r  
of heat in accordance with the law of convection; the inside surface is ideally insulated against heat. 
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Fig. 1. Relative temperature of the hollow cylinder 
for K = 0.3; Bi = 2; A = 0: 1) 0 o = 01; 2) 02; 3) 03; 4) 
0~; 5) 05. 

The solution of the problem includes the 
following parts :  a) conversion of the differential 
heat-conduction equation to machine form; b) solu- 
lion of the problem on the computer; e) conver -  
sion of the machine solutions to the solutions of 
the physical problem. 

We present  the differential heat-conduction 
equation for an ax i symmetr ic  cylinder in con- 
vet ted  form: 

00 __ 1 0 ( x 0 0 ~ ;  
0 Fo x Ox Ox ] 

1 >~0>/0; Fo>0;  K-.<..x~l; (1) 

0 t - -  tav. x = r 
t o - -  tar' Rou ~ 

The initial condition is 0(0; x) = 1. 
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F ig .  2. Max imum t e m p e r a t u r e  d i f f e r ence  A0ma  x 
= 0 0 -  0 5 in a c y l i n d e r  with K = 0.3 (a) and va r i ous  
va lues  of K (b) fo r  heat  t r a n s f e r  be tween  the side 
s u r f a c e  on the outs ide  and the med ium:  a: 1) Bi 
--1; 2) 2; 3) 5; 4) 10; b: 1) K = 0.1; 2) 0.3; 3) 0.6; 
4) 0.8; 5) 0.9. 

equat ions :  

The boundary  condi t ions  (for the f i r s t  case) :  

0av = 0; 

00 } = 
tx--1 Bi0(Fo; 1); 
l 

O0 = - -  Bi A0 (Fo; K). (2) 

The hol low c y l i n d e r  is divided r ad ia l ly  into 
z l a y e r s  of ident ical  t h i ckness .  

Us ing  the method of finite d i f f e r ences ,  we wr i te  
the r e l a t i ve  t e m p e r a t u r e  (0) as a funct ion of the Fo 
n u m b e r  fo r  the s u r f a c e s  of the cy l ind r i ca l  l a y e r s  in 
the f o r m  of the o r d i n a r y  d i f ferent ia l  equat ion 

1 f ( l +  0'5h ) 0~+~--20~ 
o; = h~- g + ~h 

+ ( 1  K+,h0'5h~)~ (3) 

w h e r e i  = 1 , 2 , 3  . . . .  , z - 1 .  

With (3) the pa r t i a l  d i f fe ren t ia l  h e a t - c o n d u c -  
t ion equat ions is r e p l a c e d  by a s y s t e m  of z - 1 o r -  
d ina ry  d i f ferent ia l  equat ions .  

The bounda ry  condi t ions  in f ini te  d i f f e rences  

(4) 

a r e  wr i t t en  as  fol lows:  

0z_ t - 0 ~ = B i 0 ~  or O~ 0~_~ ; 
Ax l + B i h  

0 , - - 0  o _ B i A 0  o or 0 o =  0~ 
Ax 1 + Bi A h 

With z = 5 and boundary  condi t ions  (4) we c o m -  
pi led the  fol lowing s y s t e m  of o r d i n a r y  d i f ferent ia l  

01 = - -  %0t  + ai20~; 

0~ = a2i0~ - -  a2202 + a2303; 

03 = as202 - -  a330~ + as~0~; 

04 = %03 - -  %0~. 

(5) 

The c o m p u t e r  s y s t e m s  of equat ions  have  been  de r ived  in the fol lowing f o r m :  

UI = - -  k , U ,  + k,2U~; 

U'a = k2,Ui - -  k~U~ + k23U3; 

U'3 = k32U2 - -  ~33U3 + k~U~; (6) 

U'4 = k~3U3-- k~U~. 

The n u m e r i c a l  va lues  of the cons tan t s  in the c o m p u t e r  s y s t e m s  of  equat ions fo r  the nons teady  h e a t -  
conduc t ion  c a s e s  u n d e r  c o n s i d e r a t i o n  a r e  given in Table  1. 

The so lu t ions  of the s y s t e m s  of equat ions  (5) de r ived  a f t e r  c o n v e r s i o n  of the  solut ions  of the c o m p u t e r  
s y s t e m s  of equat ions  (6) a r e  shown g raph ica l ly .  As an example ,  Fig.  1 shows the c u r v e s  for  a hol low c y l i n -  
de r :  the dashed  l ine shows the a p p r o x i m a t e  va lues  of the r e l a t ive  t e m p e r a t u r e  for  the s ide  s u r f a c e s ,  these  
hav ing  been  ca lcu la ted  in a c c o r d a n c e  with the boundary  condi t ions .  

F igu re  2 shows the m a x i m u m  t e m p e r a t u r e  d i f f e rence  a c r o s s  the cy l inde r ,  d e t e r m i n e d  by means  of the 
c u r v e s  in Fig.  1. 

With boundary  condi t ions  of the second  kind we so lved  the d i f ferent ia l  equat ion (1) fo r  the cy l inde r ,  
and in this equation: 
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T A B L E  2. 

the  S c a l e s  f o r  the  R e p r e s e n t a t i o n  of R e l a t i v e  T i m e  

C o n s t a n t s  in  t he  E q u a t i o n s  of t he  C o m p u t e r  S y s t e m s  and  

o MFo 

o ~ 

kit ktz k x Boundary conditions 

qoutRouthw �9 
0 o = 01- ~.(tmax__tmin )' 

0~ = 0 q~176 '- 
a-- ~,(/max__tmin ) 

0,3 
0,5 
0,7 

0,3 
0,5 
0,7 

0,005: 
1 0,004; 
1 0 , 0 0 1 i  

I 
0 0,005 
0 0,004 
0 0,001 

0,295 
0,432 
0,289 

0,295 
0,432 
0,289 

kzt 

0,295[0,300 0,225 
0,432 0,367 0,372 
0,289 0,160 0,268 

0o=01; 
qoutRout h 

O~ = 0r 
~L(tmax--tmin) 

0,295 0 0,225 
0,432 ~ 0,372 
0,289 0 0,268 

Boundary conditions k~ k23 k~  ka~ k~4 k4~ kt~ kg 
[ 

0,510 
0,800 
0,556 

0,510 
0,800 
0,556 

0,285 
0,428 
0,288 

0,230 0,510 0,280 0,235[0,285 0,387 
I O 800 0,376 0'556, 0'424[0'37610'426 0,422 

0,172 0,268 0,288 1 0,269 I 0'289i 

0,285 0,230 
0 428 0 376 
0,288 0,268 

0,510 0,280 0,235 0 285[0,387 
0,800 0,424 0,376[0,426[0,422 
0,556 0,288 0,269 0,289i0,172 

qoutROUt h~ 
0~ )' 

0 s -- 04 qoutR~ 
~(/max--tmin) 

0 0 -- 01; 
05 = 0 4- qou tR~ 

~(tmax--tmin) 

~max - -  tm~n 

The  b o u n d a r y  c o n d i t i o n s  (for  the  f i r s t  c a s e )  

00 [  qoutRout 
- - I  
Ox /~=t ~" (tmax -- tmh0 

0~- X -- qoutRoug ~ 
*=K ~, ( t ~  - -  tmi~ ) 

With  t he  f i n i t e  d i f f e r e n c e s  the  b o u n d a r y  c o n d i t i o n s  w e r e  c o n v e r t e d  to the  f o r m  (z = 5) 

84 - -  05 qoutRout qoutRouth 
- -  or 0 ~ = = 0  4 - -  - ;  

h ~ (tma x - -  train) X (tin. x - -  train) 

Ol--O o %utRontW qoutRouthw 
-- or 0 0 = 0  ~ 

h ~ (tma • --- train) ~ (tm~ • - -  tm~) 

F o r  t he  b o u n d a r y  c o n d i t i o n s  (8) we d e r i v e d  a s y s t e m  of d i f f e r e n t i a l  e q u a t i o n s  of the  f o l l o w i n g  f o r m :  

01 = --ailOl § 

0~= a~iOl--a2202+a~303; 

O~ =a3202--a3303+a3~O~; 

qoutRouth ~ 

qoutROUt h 
04 = a~303 - -  a . 0 4  - -  b45 

~, ( t m a  x - -  tm[n)  

The c o m p u t e r  s y s t e m s  of e q u a t i o n s  c o r r e s p o n d i n g  to s y s t e m s  (9) a r e  the  f o l l o w i n g :  

u i  = - -  k , i v ,  + k i & ~  - -  k ~ u . ;  u~  = & , u ,  - -  k = %  + k ~ u s ;  

u~  - -  ~3~u~ - -  k3~u3 § k34u~; u~  = k43u3 - -  k . u 4  - kyu~ .  

(7) 

(s) 

(9) 

(10 )  
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Fig.  3. Re la t ive  t e m p e r a t u r e  of the ho l -  
low cy l inder  f o r  K = 0.3, (qoutRout) 
/ ) t ( t m a x -  train) = 1; :0 = 0: 1) 00 = 02; 2) 
02; 3) 03; 4) 04 . 

The s c h e m e s  for  the set  of p r o b l e m s  r e l a t ing  to a ho l -  
low cy l inde r  fo r  bounda ry  condi t ions  of the th i rd  and second 
kinds d i f fe r  f r o m  each o ther  only in the addit ional  r e s i s t a n c e s  
and vo l t ages  s imula t ing  the quant i t ies  

qoutRout h~ qoutRouth 
hi3 ~ (tmax __ train) or ha5 ~, (tmax __ train i �9 

The n u m e r i c a l  va lues  of the cons tan ts  in the c o m p u t e r  
s y s t e m s  of equat ions  fo r  the ea se s  of nons teady  heat  conduc-  
t ion examined  h e r e  a r e  shown in Table  2. 

F o r  k~l -< k12 the s y s t e m s  of equat ions  p roved  to be un-  
s table.  By means  of a v - t r a n s f o r m a t i o n  we der ived  s table  
s y s t e m s .  The coef f ic ien ts  with ident ical  subsc r ip t s  w e r e  a s -  
c r ibed  new va lues  as  a r e su l t :  

/ ~ = k n + v =  0,345; 0,482; 0,309; 0,345; 0,482; 0,309; 

k~2 = k~3=k22+v=kaa+v= 0,560; 0,850; 0,576; 0,560; 0,850; 0,576. 

The fol lowing sequence  was  adopted fo r  the solut ions of 
the p r o b l e m s :  ini t ia l ly  we solved the conver ted  machine  s y s -  

t e m s  of equat ions;  the so lu t ions  of these  equat ions  w e r e  conve r t ed  into solut ions  of the c o m p u t e r  s y s t e m s  
(10), and the l a t t e r  w e r e  conve r t ed  into so lu t ions  fo r  the s y s t e m s  of equat ions  (9). 

The init ial  vo l t ages  (Uin) and the vo l tages  s imula t ing  the f r e e  t e r m s  (Uy) w e r e  a s s u m e d  to be equal to 
5 0 V .  

F i g u r e  3 shows the c u r v e s  fo r  c e r t a i n  c a s e s  of nons teady  heat  conduct ion  in the case  of boundary  con-  
di t ions  of the second kind. 

t 

to 
t av  
r 

Rout 
Fo  = a~-/R2ut 
a 

T 

K = R in /Rou t  
Rin 
Bi = aou tRout /X 

% u t  

A = Cqn/C~ou t 
COin 

0i T = d 0i/d Fo; 
h = (1 - K)/z 

kll, kl2,- . . ,k44 

kij = MFo aij; 
aij 
MFo = F o / t c  
tc 
w = q in /qout  

NOTATION 

is the t e m p e r a t u r e ,  ~ 
is the initial t e m p e r a t u r e  of the cyl inder ;  
is the a v e r a g e  t e m p e r a t u r e ;  
Is the ins tan taneous  cy l inder  rad ius ;  
is the outs ide  cy l inde r  rad ius ;  
is the F o u r i e r  number ;  
is the coef f ic ien t  of t h e r m a l  diffusivity;  
ts the t ime;  
is the cy l inde r  r ad iu s  ra t io;  
is the inside rad ius ;  
is the Blot  number ;  
is the coeff ic ient  of heat  t r a n s f e r  be tween the outs ide  su r f ace  of the cy l inder  and the 
medium;  
is the coef f ic ien t  of t h e r m a l  conduct ivi ty;  
is a r e l a t i v e  quanti ty;  
is the coef f ic ien t  of hea t  t r a n s f e r  be tween  the inside su r f ace  of the cy l inder  and the m e -  
dium; 

is the r e l a t ive  t h i cknes s  of the cy l ind r i ca l  layer ;  
a r e  the cons tan t s  fo r  the c o m p u t e r  s y s t e m s  of equat ions;  

are the constants inthe systems of ordinary differential equations; 
is the scale for the representation of the relative time; 
is the computer time, sec; 
is the ratio of the heat-flux density at the inside surface of the cylinder (qin) to the heat- 
flux density at the outside surface on the side (qout); 
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train, tmax 

k x = b13hw (MFoMy/M0), ky = b45h (MFoMy/M (}) 
= 0 / u  

My = (qoutRout/~ (tma x - train)) (1/Uy) 

are the finite minimum and initial maximum temperature, 
uniform through the cross section of the cylinder; 
are constants in the computer systems (10); 
is the scale for the representation of the relative tempera- 
ture, l/V; 
is the scale for the representation of qoutRout/k(tma x 

- train), 1/V. 
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